or p := char(K) > 0 and there exists an abelian variety Z defined over an algebraic closureF p of F p such that both J(C f,ℓ ) and J(C h,ℓ ) are isogenous over K a to self-products of Z.
Remark 1.2. The case ℓ = 2 (of hyperelliptic jacobians) was treated in [26, 27] . See [10, 3] for the list of known doubly transitive permutation groups.
The paper is organized as follows. In §2 we study pairs of abelian varieties with homomorphism groups of big rank. We prove Theorem 1.1 in §3. Sections 4 and 5 contain the proof of some auxiliary results.
Homomorphisms of abelian varieties: statements
First, we need to introduce some notions from the theory of abelian varieties. Let K be a field and d be a positive integer that is not divisible by char(K). Let X be an abelian variety of positive dimension defined over K. We write X d for the kernel of multiplication by d in X(K a ). It is known [11] that the commutative group X d is a free Z/dZ-module of rank 2dim(X). Clearly, X d is a Galois submodule in X(K a ). We writẽ ρ d,X : Gal(K) → Aut Z/dZ (X d ) ∼ = GL(2dim(X), Z/dZ) for the corresponding (continuous) homomorphism defining the Galois action on X d . Let us putG d,X =ρ d,X (Gal(K)) ⊂ Aut Z/dZ (X d ). Clearly,G d,X coincides with the Galois group of the field extension K(X d )/K where K(X d ) is the field of definition of all points of order dividing d on X. In particular, if ℓ = char(K) is a prime then X ℓ is a 2dim(X)-dimensional vector space over the prime field F ℓ = Z/ℓZ and the inclusionG ℓ,X ⊂ Aut F ℓ (X ℓ ) defines a faithful linear representation of the groupG ℓ,X in the vector space X ℓ .
We write End K (X) ⊂ End(X) for the (sub)ring of all K-endomorphisms of X and End 0 K (X) ⊂ End 0 (X) for the corresponding Q-(sub)algebra of all Kendomorphisms of X. If Y is (may be) another abelian variety over K then we write Hom 0 (X, Y ) for the Q-vector space Hom(X, Y ) ⊗ Q.
Let E be a number field and Ø ⊂ E be the ring of all its algebraic integers. Let (X, i) be a pair consisting of an abelian variety X over K a and an embedding i : E ֒→ End 0 (X) Here 1 ∈ E must go to the identity automorphism of X. It is well known [13] that the degree [E : Q] divides 2dim(X).
If r is a positive integer then we write i (r) for the composition E ֒→ End 0 (X) ⊂ End 0 (X r ) of i and the diagonal inclusion End 0 (X) ⊂ End 0 (X r ). If (Y, j) is a (possibly another) pair consisting of an abelian variety Y over K a and an embedding j : E ֒→ End 0 (Y ) then we write Hom 0 ((X, i), (Y, j)) = {u ∈ Hom 0 (X, Y ) | ui(e) = j(e)u ∀u ∈ E}.
Clearly, Hom 0 ((X, i), (Y, j)) carries a natural structure of finite-dimensional Evector space. Notice that the Q-vector space Hom 0 (X, Y ) carries a natural structure of E ⊗ Q E-module defined by the formula (e 1 ⊗ e 2 )φ = j(e 1 )φi(e 2 ) ∀e 1 , e 2 ∈ E, φ ∈ Hom 0 (X, Y ).
It
Remark 2.1. It is well-known that if the field extension E/Q is normal then for each automorphism σ ∈ Aut(E) = Gal(E/Q) there is a surjective E-algebra homomorphism pr σ : E ⊗ Q E ։ E, e 1 ⊗ e 2 → e 1 σ(e 2 ).
(Here the structure of E-algebra on E ⊗ Q E is defined by e(e 1 ⊗ e 2 ) = ee 1 ⊗ e 2 ∀e, e 1 , e 2 ∈ E.)
The well-known E-linear independence of all σ : E → E implies that the direct sum of all pr σ 's is an isomorphism
This allows us to view pr σ as mutually orthogonal projection maps pr σ :
This implies easily that
and
where iσ : E ֒→ End 0 (X) is the composition of the automorphism σ : E → E and i : E → End 0 (X).
Let us denote by End 0 (X, i) the centralizer of i(E) in End 0 (X). Clearly, End 0 (X, i) = Hom 0 ((X, i), (X, i)) and i(E) lies in the center of the finite-dimensional Q-algebra End 0 (X, i). It follows that End 0 (X, i) carries a natural structure of finite-dimensional E-algebra. One nay easily check [27, Remark 4.1] that End 0 (X, i) is a semisimple E-algebra; it is simple if and only if X is isogenous to a self-product of an (absolutely) simple abelian variety. The following two assertions is contained in [27, Theorem 4.2] , [28, Remark 3.2] .
Then: (i) End 0 ((X, i) is a central simple E-algebra.
(i) There exists an absolutely simple abelian variety B of CM-type over K a such that X is isogenous to a self-product of B of an (absolutely) simple abelian variety.
(ii) If char(K) = 0 then [E : Q] is even and there exist a [E : Q]/2-dimensional abelian variety Z over K a , an isogeny ψ : Z r → X and an embedding k : E ֒→ End 0 (Z) that send 1 to 1 Z and such that ψ ∈ Hom 0 ((Z r , k (r) ), (X, i)).
and char(K) > 0. In notations of Theorem 2.3, it follows from a a theorem of Grothendieck [12, Th. 1.1] that B is isogenous to an abelian variety defined over a finite field. This implies that X is also isogenous to an abelian variety defined over a finite field.
If i(Ø) ⊂ End(X) and j(Ø) ⊂ End(Y ) then we put
Clearly,
It is also clear that
In addition, Hom((X, i), (Y, j)) is an Ø-lattice in the E-vector space Hom 0 ((X, i), (Y, j)).
Remark 2.5. Clearly, there are canonical isomorphisms of E-vector spaces Hom 0 ((X r , i (r) ), (Y, j)) = (Hom 0 ((X, i), (Y, j))) r = Hom 0 ((X r , i), (Y, j (r) ))
where (Hom 0 ((X, i), (Y, j))) r is a direct sum of r copies of Hom 0 ((X, i), (Y, j)). It follows easily that there is a canonical isomorphism of E-vector spaces Hom 0 ((X r , i (r) ), (Y, j (m) )) = (Hom 0 ((X, i), (Y, j))) rm for all positive integers r and m.
then Hom 0 ((X, i), (Y, j)) contains an isogeny φ : X → Y . In particular,
Proof of Lemma 2.6. Let us fix a prime ℓ = char(K). Let us put
Clearly, E ℓ is a direct sum of finitely many ℓ-adic fields. Let T ℓ (X) be the Z ℓ -Tate module of X [11] . Recall that T ℓ (X) is a free Z ℓmodule of rank 2dim(X). Let us put
it is a 2dim(X)-dimensional Q ℓ -vector space. There are natural embeddings
Now the injections i and j give rise to the injections
These injections provide V ℓ (X) and V ℓ (Y ) with the natural structure of free E ℓmodules of rank 2dim(X)
[E:Q] and 2dim(Y ) [E:Q] respectively [13] . Clearly, the image of
) and its rank equals dim E (Hom 0 ((X, i), (Y, j)).
Clearly, the rank of the free E ℓ -module Hom E ℓ (V ℓ (X), V ℓ (Y )) equals to the product of the ranks of V ℓ (X) and V ℓ (Y ), i.e. equals to
we conclude that
Clearly, the equality holds if and only if
Suppose that the equality holds and assume, in addition, that dim(X) = dim(Y ). Then the ranks of V ℓ (X) and V ℓ (Y ) do coincide and there exists an isomorphism
Since Q is everywhere dense in Q ℓ in the ℓ-adic topology, there exists u ′ ∈ Hom 0 ((X, i), (Y, j)) that is also an isomorphism between V ℓ (X) and V ℓ (Y ). Replacing u ′ by N u ′ for suitable positive integer N , we may assume that u ′ ∈ Hom(X, Y ). Then u ′ must be an isogeny.
Suppose that E is a number field, X and Y are abelian varieties of positive dimension over an algebraically closed field K a ,
are embeddings that send 1 to the identity automorphisms of X and Y respectively. Let us put
Let us assume that
Then both End 0 (X, i) and End 0 (Y, j) are central simple E-algebras and
In addition, both X and Y are isogenous to self-products of a certain absolutely simple abelian variety B of CM-type.
It follows from Remark 2.5 that
It follows from Lemma 2.6 that there exists an isogeny φ :
In addition, End 0 (X, i) and End 0 (Y, j) are central simple E-algebras and
It follows that
It follows from Applying Theorem 2.3 to both (X, i) and (Y, j)), we conclude that there exist absolutely simple abelian varieties B and say, B ′ of CM-type such that X is isogenous to a self-product of B and Y is isogenous to a self-product of B ′ . Since Hom 0 ((X, i), (Y, j)) = 0, we conclude that Hom(X, Y ) = 0 and therefore Hom(B, B ′ ) = 0. This implies that B and B ′ are isogenous and therefore Y is isogenous to a self-product of B.
Suppose that X is defined over K and i(Ø) ⊂ End K (X). Then we may view elements of Ø as K-endomorphisms of X.
Let λ be a maximal ideal in Ø. We write k(λ) for the corresponding (finite) residue field. Let us put
Clearly, if char((k)(λ)) = ℓ and then λ ⊃ ℓ · Ø and therefore X λ ⊂ X ℓ . Clearly, X λ is a Galois submodule of X ℓ . It is also clear that X λ carries a natural structure of Ø/λ = k(λ)-vector space. It is known [13] that if ℓ = char(K) then
We writeρ λ,X : Gal(K) → Aut k(λ) (X λ ) ∼ = GL(d X,E , k(λ)) for the corresponding (continuous) homomorphism defining the Galois action on X λ . Let us putG
Clearly,G λ,X coincides with the Galois group of the field extension K(X λ )/K where K(X λ ) = K(X λ,i ) is the field of definition of all points in X λ .
In order to describeρ λ,X explicitly, let us assume for the sake of simplicity that λ is the only maximal ideal of Ø dividing ℓ, i.e.,
where the positive integer b satisfies
Then Ø⊗Z ℓ = Ø λ where Ø λ is the completion of Ø with respect to λ-adic topology. Let us choose an element c ∈ λ that does not lie in λ 2 . One may easily check [28, §3] that
and the natural embedding
whose image commutes with ρ ℓ,X (Gal(K)). In particular, T ℓ (X) carries the natural structure of Ø ⊗ Z ℓ = Ø λ -module; it is known [13] that the Ø λ -module T ℓ (X) is free of rank d X,E . There is also the natural isomorphism of Galois modules
which is also an isomorphism of End K (X) ⊃ Ø-modules. One may easily check [28, §3] that the Ø[Gal(K)]-module 
It is also clear that the group
However, the structure of the k(λ)-vector space on X λ,t is the twist via σ of the structure of the k(λ)-vector space on X λ,i . This means that multiplication by any a ∈ k(λ) in X λ,t coincides with multiplication by σ(a) in X λ,i . However, this twist does not change the algebra of linear operators, i.e.
This implies that the centralizers ofG λ,X in End k(λ) (X λ,i ) and End k(λ) (X λ ) do coincide. In particular, if the centralizer EndG λ,X (X λ ) is k(λ) (resp. a field) then the centralizer EndG λ,X (X λ,i ) is also k(λ) (resp. a field). We will deduce Theorem 1.1 from (a corollary to) the following auxiliary statement.
Theorem 2.9. Let E be a number field and Ø ⊂ E be the ring of all its algebraic integers. Let λ be a maximal ideal in Ø and ℓ the characteristic of the corresponding (finite) residue field k(λ) = Ø/λ. Suppose λ is the only maximal ideal of Ø dividing ℓ. Let K a field of characteristic different from ℓ. Let X and Y are abelian varieties of positive dimension defined over K and
Suppose that the following conditions hold:
(i) The field extensions K(X λ ) and K(Y λ ) are linearly disjoint over K.
(ii) Let us consider the centralizer
Then the k(λ)-algebras k 1 and k 2 are fields that are linearly disjoint over k(λ).
Then one of the following two conditions holds:
(i) Hom 0 ((X, i), (Y, j)) = 0.
(ii) Both X and Y are isogenous over K a to self-products of a certain absolutely simple abelian variety B of CM-type; in addition, End 0 (X, i) is a r 2 Xdimensional central simple E-algebra and End 0 (Y, i) is a r 2 Y -dimensional central simple E-algebra.
We will prove Theorem 2.9 in §5. Corollary 2.10. We keep all notations and assumptions of Theorem 2.9. Assume, in addition that E is normal over Q. Then one of the following two conditions holds:
(i) Hom(X, Y ) = 0, Hom(Y, X) = 0.
(ii) Both X and Y are isogenous over K a to self-products of a certain absolutely simple abelian variety B of CM-type; in addition,
Proof of Corollary 2.10. Applying Theorem 2.9 to (X, iσ), (Y, j) for all σ ∈ Gal(E/Q), we conclude that either the assertion (ii) holds (and we are done) or all Hom 0 ((X, iσ), (Y, j)) = 0.
In the latter case, it follows from Remark 2.1 that Hom 0 (X, Y ) = 0 and therefore Hom(X, Y ) = 0, which, in turn, implies that Hom(Y, X) = 0.
Proof of Main Theorem
Throughout this section ℓ is an odd prime, K a field of characteristic different from ℓ and K a its algebraic closure, Let R = R f = {a 1 , . . . , a n } ⊂ K a be the set of all roots of f . We may view the full symmetric group S n as the group of all permutations of R. The Galois group G = Gal(f ) of f permutes the roots and therefore becomes a subgroup of S n . The action of G on R defines the standard permutational representation in the ndimensional F ℓ -vector space F R p of all functions ψ : R → F ℓ . This representation is not irreducible. Indeed, the "line" of constant functions F ℓ · 1 and the hyperplane
If n is divisible by ℓ then (F R ℓ ) 0 contains F ℓ · 1 and we obtain the natural representation of G = Gal(f ) in the (n − 2)-dimensional F ℓ -vector quotient-space (F R ℓ ) 0 /(F ℓ · 1). In this case we put (F R f ℓ ) 00 = (F R ℓ ) 00 := (F R ℓ ) 0 /(F p · 1) and also call it the heart of the permutational action of G = Gal(f ) on R = R f over F ℓ .
In both cases it is known that the Gal(f )-module (F R f ℓ ) 00 is faithful (recall that n ≥ 4 and ℓ > 2). ℓ ) 00 ) = F ℓ then H is doubly transitive.) Remark 3.2. Let us assume that K contains a primitive ℓth root of unity ζ. Then the map (x, y) → (x, ζy) gives rise to a birational periodic automorphism δ ℓ of C f,ℓ with exact period ℓ. By functoriality, δ ℓ induces an automorphism of J(C f,ℓ ) which we still denote by δ ℓ . It is known [14, 15] (see also [28] ) that δ ℓ satisfies the ℓth cyclotomic equation in End K (J(C f,ℓ )). This gives rise to the embeddings 00 and J(C f,ℓ ) λ are canonically isomorphic [14] , [15] . In particular, this implies that By Remark 3.2,
This implies that K(J(C f,ℓ) ) λ ) and K(J(C h,ℓ) ) λ ) are linearly disjoint over K. Applying Corollary 2.9 (with k 1 = F ℓ = k 2 ), we conclude that either Hom(J(C f,ℓ )), J(C h,ℓ )) = Hom(X, Y ) = 0, Hom(J(C h,ℓ )), J(C f,ℓ )) = Hom(Y, X) = 0 (i.e. the case (i) holds) or both J(C f,ℓ and J(C h,ℓ are isogenous over K a to selfproducts of a certain absolutely simple abelian variety B of CM-type; in addition, the centralizer of Q(ζ ℓ ) in End 0 (J(C f,ℓ )) is a
By [23, Theorem 3.6] , the last property cannot take place in characteristic zero and therefore p := char(K a ) = char(K) > 0. In order to check that the case (ii) holds, one has only to recall that in characteristic p every absolutely simple abelian variety of CM-type is isogenous to an abelian variety over F p (a theorem of Grothendieck [12] ). By the same token, we get the desired results for J(C h,ℓ ).
Proof of Theorem 2.9. It follows from Remark 3.1 that Remark 3.4. Theorem 3.3 suggests that it may be interesting to classify subgroups G = Gal(f ) ⊂ Perm(R) such that n = #(R) is divisible by ℓ and End G ((F R ℓ ) 00 ) = F ℓ (or a field). According to [8, Satz 11] , if G is transitive (i.e. f (x) is irreducible) then such G must be doubly transitive (if n ≥ 4 and ℓ is odd). The (almost) complete classification of known doubly transitive G with (absolutely) irreducible (F R ℓ ) 00 is given in [10] (see also [7] ). Of course, in the irreducible case the centralizer is a field (and even F ℓ in the absolutely irreducible case). 
Representation theory
This Section contains auxiliary results that will be used in Section 5.
Lemma 4.1. Let F be a field. Let H 1 and H 2 be groups. Let τ 1 : k(λ) ) be the dual of W 1 and τ * 1 : H 1 → Aut k(λ) (W * 1 ) the dual of τ 1 . Let W * 2 = Hom k(λ) (W 2 , k(λ)) be the dual of W 2 and τ * 2 : H 2 → Aut k(λ) (W * 2 ) the dual of τ 2 . Let us consider the F -algebras F 1 := End H1 (W 1 ) and F 2 := End H2 (W 2 ) and assume that F 1 and F 2 are fields that are linearly disjoint over F .
Let us consider the natural linear representation
) of the group H := H 1 × H 2 in the F -vector spaces S : = Hom F (W 1 , W 2 ). Then End H (S) is a field and End H (S 2 ) is also a field. Proof. One may easily check that the centralizer of H 1 in End F (W * 1 ) still coincides with F 1 . Let A 1 be the F -subalgebra of End F (W * 1 ) generated by τ * 1 (H 1 ); clearly, the centralizer of A 1 in End F (W * 1 ) also coincides with F 1 . Similarly, if A 2 is the k(λ)-subalgebra of End F (W 2 ) generated by τ 2 (H 2 ) then the centralizer of A 2 in End F (W 2 ) coincides with F 2 . One may easily check that the F -subalgebra of
. It follows from Lemma (10.37) on p. 252 of [2] that the centralizer of A 1 ⊗ F A 2 in End F (W * 1 ⊗ F W 2 ) coincides with F 1 ⊗ F F 2 and therefore is a field, thanks to the linear disjointness of F 1 and F 2 . This implies that the centralizer of
Since the H-modules W * 1 ⊗ F W 2 and Hom F (W 1 , W 2 ) are canonically isomorphic, the centralizer of H in End F (Hom F (W 1 , W 2 )) is also a field. Proof. Suppose that τ is not irreducible. Since it is completely reducible, there exist non-zero u 1 , u 2 ∈ End G (V ) with u 1 u 2 = 0. Multiplying (if necessary) both u 1 , u 2 by suitable powers of an uniformizer, we may assume that u 1 (T ) ⊂ T, u 2 (T ) ⊂ T but neither u 1 nor u 2 lies in m · End ØL (T ). It follows that the imagesū 1 ,ū 2 of u 1 and u 2 with respect to the reduction map End ØL (T ) → End k (V ) satisfȳ u 1 = 0,ū 2 = 0,ū 1ū2 = 0.
Since bothū 1 ,ū 2 obviously lie in the centralizer of G in End k (V ), we get a contradiction. Proof. Let A ⊂ End Q (V ) be the image of the natural Q-algebra homomorphism Q[G] → End Q (V ). The complete reducibility of τ means that A is a (finitedimensional) semisimple Q-algebra. Therefore A L := A ⊗ Q L is a semisimple L-algebra. Clearly, A ⊂ End L (V ). This implies that the image of the natural L-algebra homomorphism
is isomorphic to a quotient of A L and therefore is also a semisimple L-algebra. But this means that the natural L-linear representation of G in V is also completely reducible.
Homomorphisms of abelian varieties: proofs
Proof of Theorem 2.9. First, notice that the centralizer End Gal(K) (Hom k(λ) (X λ , Y λ )) of the natural representation
is a field. Indeed, let us denote this representation by τ and let us put
Denote by
the corresponding inclusion maps. It follows from Lemma 4.1 that the centralizer of the linear representation
One may easily check that the homomorphism τ , which defines the structure of Gal(K)-module on Hom k(λ) (X ℓ , Y ℓ ), coincides with the composition of the natural surjection Gal(K) ։ Gal(K(X λ , Y λ )/K), the natural embedding
is the compositum of the fields K(X λ ) and K(Y λ ). The linear disjointness of K(X λ ) and K(Y λ ) means that
This implies that τ is the composition of surjective Gal(K) ։ Gal(K(X λ )/K) × Gal(K(Y λ )/K) and τ * 1 ⊗ τ 2 . Since the centralizer of the representation τ * 1 ⊗ τ 2 : Gal(K(Y λ )/K) × Gal(K(X λ )/K) → Aut k(λ) (Hom k(λ) (Y λ , X λ )) is a field, the centralizer of the representation
is the same field.
Second, we need an additional information about the Tate modules T ℓ (X) and T ℓ (Y ) of abelian varieties X and Y [11] . Recall that T ℓ (X) and T ℓ (Y ) are free Ø λ -modules provided with the continuous actions of Gal(K) and one may view may viewρ ℓ,X : Gal(K) → Aut k(λ (X λ ) as the reduction of ρ ℓ,X :
It is known [13] that the Tate respectively. (Here
is the completion of E with respect to the λ-adic topology.) The groups T ℓ (X) and T ℓ (Y ) are naturally identified with the Ø λ -lattices in V ℓ (X) and V ℓ (Y ) respectively and the inclusions
allow us to consider V ℓ (X) and V ℓ (Y ) as representations of Gal(K) over E λ . (We already used V ℓ (X) and V ℓ (Y ) in the proof of Lemma 2.6.) Our task now is to prove that the natural representation of Gal(K) in
over E λ is irreducible. In order to do that, we may and will assume that K is finitely generated over its prime subfield (replacing K by its suitable subfield). Then the conjecture of Tate [20] (proven by the author in characteristic > 2 [21, 22] , Faltings in characteristic zero [4, 5] and Mori in characteristic 2 [9] ) asserts that the natural representation of Gal(K) in V ℓ (Z) over Q ℓ is completely reducible for any abelian variety Z over K. In particular, the natural representations of Gal(K) in V ℓ (X) and V ℓ (Y ) over Q ℓ are completely reducible. It follows from Lemma 4.3 that the natural representations of Gal(K) in V ℓ (X) and V ℓ (Y ) over E λ are also completely reducible. It follows easily that the dual Galois representation in Hom Q ℓ (V ℓ (X), E λ ) is also completely reducible. Since E λ has characteristic zero, it follows from a theorem of Chevalley [1, p. 88 ] that the Galois representation in the tensor product
Third, I claim that the natural representation of Gal(K) in Hom E λ (V ℓ (X), V ℓ (Y )) over E λ is irreducible. Indeed, the Ø λ -module Hom Ø λ (T ℓ (X), T ℓ (Y )) is a Gal(K)invariant Ø λ -lattice in Hom E λ (V ℓ (X), V ℓ (Y )). On the other hand, the reduction of this lattice modulo λ coincides with Hom Ø λ (T ℓ (X), T ℓ (Y )) ⊗ Ø λ k(λ) = Hom k(λ) (T ℓ (X)/λT ℓ (X), T ℓ (Y )/λT ℓ (Y )) = Hom k(λ) (X λ , Y λ ). Now the desired irreducibility follows from Lemma 4.2.
Fourth, recall that there is a natural embedding ( [11] , §19)
Hom 0 (X, Y ) ⊗ Q Q ℓ ⊂ Hom Q ℓ (V ℓ (X), V ℓ (Y )), whose image is a Gal(K)-invariant Q ℓ -vector subspace. Clearly, the image of Hom 0 ((X, i), (Y, j)) ⊗ Q Q ℓ under this embedding lies in Hom E λ (V ℓ (X), V ℓ (Y )) and this image is a Gal(K)-invariant E⊗ Q Q ℓ = E λ -vector subspace of Hom E λ (V ℓ (X), V ℓ (Y )). The irreducibility of Hom E λ (V ℓ (X), V ℓ (Y )) implies that either Hom 0 ((X, i), (Y, j)) ⊗ Q Q ℓ = Hom E λ (V ℓ (X), V ℓ (Y )) or Hom 0 ((X, i), (Y, j)) ⊗ Q Q ℓ = 0. Since Hom 0 ((X, i), (Y, j)) is a E-vector space of finite dimension, either Hom 0 ((X, i), (Y, j)) = 0 or the E-dimension of Hom 0 ((X, i), (Y, j)) equals 4·dim(X)·dim(Y )
If Hom 0 ((Y, j), (X, i)) = 0 then we are done. Now suppose that dim E (Hom 0 ((Y, j), (X, i)))) = 4 · dim(X) · dim(Y ) [E : Q] 2 .
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